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Abstract 

We use variational methods to study the existence of nontrivial and radially sym- 
metric solutions to the Henon-Lane-Emden system with weights, when the exponents 
involved lie on the "critical hyperbola". We also discuss qualitative properties of 
solutions and nonexistence results. 
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1 Introduction 

In this paper we discuss existence, non existence and qualitative properties of non- 
trivial radially symmetric solutions u, v to the following weakly coupled system on 
the punctured space M" \ {0}: 




\x\^\u\'^~'^u. 



(1.1) 
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Here n > 2, a,b & M, p,q 



> 1 belong to the weighted critical hyperbola 



a + n h + n 

h 

P Q 



= n - 2 



(1.2) 



and satisfy the standard anticoercivity assumption 



The Henon-Lane-Emden system (jl.ip is a largely studied problem. In the au- 
tonomous case a = b = 0, P.L. Lions proved in [23] the existence of a solution 



under the assumptions n>n/p + n/q = n — 2>0. We quote also the paper [22] by 

Hulshof-Van der Vorst, for additional qualitative properties of the pair u,v. 

The role of the "critical hyperbola" was first pointed out by Mitidieri [25], [26] 
for the autonomous case a = b = (see also [33]). It turns out that (II. 4p has no 
positive, radial solutions u,v £ C^(]R") if p,q are below the critical hyperbola. On 
the other hand, Serrin and Zou used shooting methods in [34] to prove that (jl.ip 
admits infinitely many positive radial solutions u,v which tend to as |x| — )■ +oo, 
provided that the pair p, q is on or above the critical hyperbola. 

The Henon-Lane-Emden conjecture has been raised in [32] and in [10] for a more 
general class of higher order system. It says in particular that there is no positive 
solution for system (jl.ip if p, q is under the critical hyperbola. Bidaut-Veron and 
Giacomini have recently shown in |3] that if n > 3, a, 6 > —2, then the system (II. ip 
admits a positive classical radial solution u, v with u, v continuous at the origin if 
and only if (p, q) is above or on the critical hyperbola. We recall that by Proposition 
2.1 in [3], no solution to (jl.ip is continuous at the origin ifa<— 2orfe<— 2. 

Remarkable results about the Henon-Lane-Emden conjecture have been recently 
obtained also in [6], [15], [16], [30], [31], [33] and [35] . 

Finally, we recall that the weighted critical hyperbola enters in a natural way 
in the context of the solvability of Hardy-Henon type elliptic systems in bounded 
domains, see for instance |14] and [7]. 




(1.4) 
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In the present paper we first use variational methods to extend the Lions exis- 
tence theorem to the non autonomous case. Then we discuss nonexistence results. 
We always assume that (|1.2p and (jl.3p are satisfied. We limit ourselves to state here 
some of our results, and we postpone more precise statements to Section [3j 

Existence If a 7^ — n and b 7^ — n, then (jl.ip has a nontrivial radial solution u, v 
such that 

a I I b I 

\x\ p-1 |An|^ fix < 00 , / |x| "J-i |Af I''' dx < 00 . 



Moreover, it holds that 

b-|-n h-\-rL a^n a-f n 

lim \x\ 1 u{x) = lim |x| « u{x) = lim p v{x) = lim \x\ p v{x) = 0, (1.5) 

|x|-s>oo x^O \x\—i-oo x^O 

and n, v are both positive if and only if a > — n and b > —n. 

Nonexistence Let u,v he a solution to (jl.ip on M" \ {0} and assume that either 

b-\-n a-\-Ti 

lim l^l 1 u{x), lim \x\ p v{x) exist and are finite, or 

b+n a+n ^ ' ^ 

lim |rc| 1 u{x), lim |x| p v{x) exist and are finite. 

x~>-0 x— i-O 

If a < —n or b < —n and if n > 0, f > then u = -y = 0. 

Let us briefly describe our approach. It has already been noticed for instance 
in [3], [3], [6], that radial solutions to (jl.ip are in one-to-one correspondence with 
trajectories g, f of the Hamiltonian system 

-g" + 2Ag' + Tg = \f\P-^f on R 
-f"-2Af + Tf = \g\'^-^g on R 

for suitable constants ^, F G R depending on the data. Notice that ()1.7p includes 
the Schrodinger equation —g" + Tg = \g\P~'^g, whose relevance with the Caffarelli- 
Kohn-Nirenberg inequality was pointed out by Catrina and Wang in [llj . For p = 2 
the system (jl.7p reduces to the fourth order ordinary differential equation 

g"" _ 2(2^2 + r)g" + r'g = Ig^^g , (1.8) 
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which is naturally related to second order dilation invariant inequalities of Rellich- 
Sobolev type, see [2]. Actually the system ()1.7|) and the equation (ll.Sp have in- 
dependent interest because of their applications. We shall not attempt to give a 
complete list of references. We cite for instance [5] [12], [13] [l^, [l9]-[21], [23] and 
references therein. In the monograph [29] by Peletier and Troy one can find several 
applications and a rich bibliography on these topics. 

In Section [2]we use the results in [28] and variational methods to get the existence 
of solutions g G ^^^'^'(M),/ G W'^^''' {W) to ([r7|), compare with Theorem [H Then 
we discuss sign properties of solutions to (jl.7p having certain behavior at — oo and/or 
at +00. In Section [3] we obtain our main theorems about p.l|) as corollaries of our 
results for (jl.7p . 

In the Appendix we indicate a possible non-radial approach to (jl.ip . 

Notation For any integer n > 2 we denote by a;„ the n — 1 dimensional measure of the unit 
sphere S''-^ in M". 

Let g G [1, +oo) and let a; be a non- negative measurable function on a domain O C M", 
n > 1. The weighted Lebesgue spaee L'^(r2; a;(x) dx) is the space of measurable maps u in 17 
with finite norm (J^^ |u|'a;(a:) dx)^^"^ . For cj = 1 we simply write As usual, || ■ ||oo is 

the L°° norm. 

For any function </? : M — > M, the notation ip{±oo) = c means that there exists 
lim f{s) = c. 

2 A 2 X 2 system of ordinary differential equations 

In this section we provide conditions for the existence of solutions to (jl.7p vanishing 
at iboo and for the nonexistence of positive solutions having nonnegative limits at 
— oo or at oo. We start with an existence result. 

Theorem 2.1 Let p,q £ (1, oo) A,T £ R be given, such that A'^ + T >0 and T / 0. 
Assume that U.3\) is satisfied. Then the system |j. ?[ j has a nontrivial solution g, f 
such that g £ W^'P' (R) and f G W^^"'{R). 

Proof. To simplify notations, we set 

C+cp := -if" + 2Aip' + Tip , C^if = -ip" - 2Aip' + Tip. 
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Since -\-T > and F ^ 0, from Proposition 5.2 in |28] we have that the infimum 

/ \C+g\P'ds 



V,,(Ar)= inf -rj- 



is achieved by some g G T^^'^'(M) that solves 

/ l^+^jP'-^^+c/^+V' ds = I \g\'^~'^ gil) ds for any e 
Thus g G VF^'^'(M) is a weak solution to the following fourth-order ODE: 

£_ (|/:+5r'~'/:+5) = W~''9 on M, 



which is equivalent to the system ()1.7p . by defining / = — 1£4.(7|^ "^C+g. Clearly, 
g,f € C^(M). Now we recall that ||£_ • is an equivalent norm in W'^'''' (M) by 
Proposition 5.2 in |28]. Since 5 G W^'P' (R) ^ Li{R), we have £_/ = bl^-^c/ G 
^^'(M), and thus / G W^^i\R). □ 

Remark 2.2 One couM exchange g and f in the proof of Theorem \2.1\ to find a 
solution g,f, such that f G W'^''^' (R) achieves Iq'^p{—A,T) and g = - \L-f^' L^f . 
This argument does not lead to a multiplicity result for Ji. 7| j. To simplify notations 
we set m = Iprq{A,T) and rh = Iq'p{—A,T). Since = \g\'^ , \f\P = \C+g\P' , 

and since g achieves m we find 



[ IC^ffds I \g\^ds _ 

~ / [■ \ 1 1v / (■ \ I'/P 



p-g q 



q-p p-q 

SO that mi < m p . In a similar way we get the opposite inequality, and in 



q-p 



particular mi = m p . Moreover, f achieves m and g achieves m. 

In order to study the qualitative properties of solutions to ()1.7p we take advantage 
of its Hamiltonian structure. Indeed, the system (jl.7p is conservative, and any 
solution g, f satisfies 

E{gJ) ■.= g'f'-Tgf + -\g\'^ + -\f\P = constant. (2.1) 

q p 
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Remark 2.3 Let g G W^'P'{R), f £ W'^'^' {R) be a solution to (Tl^ ). By well known 
facts about Sobolev spaces, the functions g,g',f and f are Holder continuous on M. 
Thus g, f € C^(M). In addition g, g' , f and f vanish at ±00 and hence h2. 1\) implies 

ffT-r5/ + -br + -|/r ^0 onM. (2.2) 
q p 

Remark 2.4 Problem 1^1.7^ is equivalent to a (2 x 2) -dimensional first order Hamil- 
tonian system. For X = {xi,X2),Y = (1/1,2/2) G uj^ set 

H{X, Y) = 2/12/2 + A{xiyi - 2:22/2) - {A^ + T)xiX2 + -\xi\^ + -\x2\P. 

q p 

Then g, f solves ( [i. 7| ) if and only if X = {g, f),Y = (/' + Af, g' — Ag) solves 

X' = dYH(X,Y) 

^ ^ (2.3) 
Y' = -dxH{X,Y). 

If r ^ and 6 := pq-{p + q) > 0, then ± {\T\P/\\T\-'^+'i/^T) are equilibrium 
points for i2.3\) . Notice that a positive equilibrium exists if and only i/F > 0. 

From ()2.ip we first infer the following a-priori bound on trajectories having null 
energy. 



Proposition 2.5 Let g,f£ C^(]R) be a solution to (1.1) such that g,g',f and f 
vanish at infinity. Then 

Mt^^' < ^ifK , 11/11^,-'^' < ^|Fr'. 

In particular, i/F = then g = f = 0. 

Proof. Let s G M be such that \g{'s)\ = Halloo- Then g'{'s) = and therefore from 
(|2.ip and since E{g, /) = we get 

kaWL + -l/(^)r = r/(^)|b||oo < ^llffll^ + -IfiW 

q p p' p 

by Young's inequality. The desired a-priori bound on g follows immediately. The 
estimate on II y II 00 ca.n bG obtained in a similar way. HH 
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In the remaining part of this section, we study the sign of solutions g, f to ()1.7p . 
We distinguish the case F > from the case when F is nonpositive. 

Theorem 2.6 Let g,f€ C^(M) be a solution to |j. 7p , such that g and f vanish at 
±00 together with their derivatives. // F > then g = f = or gf > on M. 

Proof. We start by noticing that g, f satisfies (j2.2p . In a moment we wih prove the 
following 

Claim: g{s)f{s) 7^ for any s G M. 

Assume that the claim is proved. Then both g and / have constant sign. The 
function g has at least one critical point s. By (|2.2p . it holds that 

-rgis)f{s) + -^\gis)\' + ^\fisW = 0. 

Thus g{'s)f{'s) > 0, and therefore gf > everywhere in M, that concludes the proof 
of the theorem. 

It remains to prove the claim. Notice that from p.2p the following facts follow: 

^/ g'iOnO = then fiO = giO = or f{Og{0 > (2.4) 
^/ 5(0/(6=0 then /(0=9(e)=0 = r(05'(0 or /' (^^'(e) < 0. (2.5) 

By contradiction, assume that g vanishes somewhere. Up to a change of sign and/or 
inversion s 1— ?• —s we can assume that g attains its negative minimum at some si G M 
and that g reaches in (si, 00). Let S2 be the first zero of g in (si, 00). Thus g < 
on [si,S2), f{si) < by ([TI]) . and g'{s2) > 0. In addition, 

if f'is) = for some s S [si,S2), then f{s) < 0, (2-6) 

because of (j2.4p . Now we prove that 

ff'(s2)/'(s2) = , /(S2) = , / < on[si,S2). (2.7) 

If ^'(52) = then (HZ]) readily follows from ([l^D and ([22]). If g'{s2) > and 
/'(■52) = /(•52) = then (|2.6p immediately implies (|2.7p . In view of (|2.5p . to conclude 
the proof of (12. 7|) we only have to exclude that g'{s2) > > /'(S2). We argue by 
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contradiction. If /'(S2) < then /(S2) < by (|2.6p . Since g is increasing in a 
neighborhood of S2 and since g decays at infinity, there is a point S3 > S2 such that 
g'iss) = and 5- > on (52,53]- But then /(sg) > by ([23]). Since /(s2),/'(s2) 
are negative, we infer that / has a minimum 54 G (s2i S3)) with /(S4) < 0. But then 
fif(s4) < by (|2.4p . which is impossible. Thus (|2.7p is proved. 
In conclusion, we have that g, f solves the system 

'g" - 2Ag' -rg = -\fr^f > in (^1,52) 

f" + 2Af'-Tf = -\g\'i~^g>0 in(si,S2) 

< 

g,f<0 in(si,S2) 
g{s2) = f{s2)=g'is2) = f'{s2) = 0, 

that contradicts the Hopf boundary point lemma. The claim and the theorem are 
completely proved. □ 

The condition F > is also necessary to have the existence of positive solutions 
vanishing at ±00. In view of Remark 12.31 the next proposition applies in particular 
to solutions g G W'^'P'{R),f G W^'^'iR). 

Proposition 2.7 Let g,f€ C^(M) be a solution to jj. ?] ), such that g and f vanish 
at ±00 together with their derivatives. //T < and gf >0 on M then g = f = 0. 

Proof. The trajectory g, f has null energy, that is, ()2.2p holds. In particular, at any 
critical point s of g one has that \T\g{s)f{s) + ^\g{s)\'^ + = 0. Thus both g 

and / vanish at s. In particular, ming = maxg = 0, and the conclusion follows. □ 

We conclude this section with two more nonexistence results in case T < 0. 

Theorem 2.8 Assume that g,f £ C'^{R) solves (LT^ for some A e R, T < and 
p, q satisfying il.3\) . In addition, assume that 

g{—oo) = Cg £ [0,00) , /(— 00) = cj G [0,00) , g>0 and / > onR. 

Then g = f = 0. 

Proof. First of all we notice that g, f can not be a nontrivial pair of constant 
functions by Remark 12.41 
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The function h := — /' — 2Af is increasing in M, as h' = g{sY ^ — T f > 0. Thus 
it has a hmit as s — )• — oo. Hence, also /' has a hmit as s — )■ — oo. Clearly 

/'(-oo) = 0, (2.8) 

and therefore from (|1.7p we get also 

-r(-oo) = -rc/ + cfi>0. (2.9) 

In a similar way we get that 

c,'(_oo) = , -/(oo) = -Tcg + c^f^ > 0. (2.10) 

In particular, from (j2.ip and (|2.8p . (j2.10p we infer that 

57' - rg/ + -Iffl^ + -l/r = -rc^c; + ic^ + on R. 

q p q ^ p ^ 

Claim 1: If Cg = Cf = then g = f = 0. 

To prove the claim, we notice that the trajectory g, f satisfies (j2.2p . If we assume by 
contradiction that g or f do not vanish identically, then there exists sq £ such that 
g'{so)f'{so) < 0. To fix ideas, assume that /'(sq) < 0. Since / > and /(s) — )■ 
as s — )• — oo, it means that / must have a positive local maximum si < sq. At the 
point si the conservation law (|2.2p gives —rg{si)f{si) + ^\g{si)\'^ + ||/(si)P = 0, 
which contradicts /(si) > 0. The claim is proved. 

Claim 2 If A<0 then Tcf = and Cg = 

By contradiction, assume that —Tcf + Cg ^ > 0. Then the function / is strictly 
concave and decreasing in a neighborhood of — oo by (|2.9p and (j2.8p . Thus in 
particular > 0, and therefore form the conservation law we get 

g'f -Tgf + -\g\'^ + -\f\^>-^>Q onR. (2.11) 
q p p J 

Since / is bounded from below, it can not be strictly concave on M. We claim that / 
can never be locally convex. Assume that there exists sq £ such that /"(so) > 0. 
Then from ([TT]) we have that -2A/'(so) > -r/(so) + ^(so)''^^ > 0. Thus, ^ < 
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and f'{so) > 0. Since f'{s) < for s << 0, then the function / must have a local 
minimum si G (— oo,so). Thus /'(si) = and f"{si) > 0. But then 

o>-r(si) = -r/(si) + 5(sir-^>o, 

which implies r/(si) = g{si) = 0. In particular, g'{si) = 0, and g"{si) > 0, since 
si is a minimum for g thanks to the assumption that g > 0. Thus, ()1.7p gives 
> -g"{si) = /(si)P~i > 0. Thus f{si) = 0, contradicting (fZTTT) . 

We have proved that /" < on M. Thus there exists sq £ such that / is a 
nonnegative constant on [so,oo). But then from (|1.7p we infer that / = g = on 
[so,oo), as r < 0. We have reached again a contradiction with (j2.1ip . and the claim 
is proved. 

Claim 3 If A>0 then Tcg = and Cf = 

It is sufficient to exchange the roles of g and /, and argue as in Claim 2. 

Now we are in position to conclude the proof. By Claim 1, we only have to show 
that Cg = Cf = 0. Thus we are done if vl = 0, thanks to Claims 2 and 3. We have 
to study the case 

A<0 , T = cg = (2.12) 

and the case A > 0, T = = Cf, that can can be handled in a similar way. Assume 
that (fZT2]) holds. Since g solves -g" + 2Ag' = P'^ > 0, then the function -g' + 2Ag 
is non decreasing on M. Hence —g' + 2Ag > by (j2.10p and since Cg = 0. Thus 
g' < 2Ag < on M that is, 5 = because it is non increasing and nonnegative. The 
proof is complete. □ 

Since the system (jl.7p is invariant with respect to inversion s 1— t- — s, then clearly 
the next result holds as well. 

Theorem 2.9 Assume that g,f£ C'^{R) solves [TTJ^ for some A £ R, T < and 
p, q satisfying il.3\) . In addition, assume that 

g{oo) = Cg £ [0,00) , /(oo) = Cf £ [0,00) , g >0 and / > on JR. 

Then g = f = 0. 
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We conclude this section with a result that holds in case p = 2 < q. 



Theorem 2.10 Let q £ (2,oo) and assume that + r > , r / 0. Up to 

translations in M, composition with the inversion s i— )■ — s and change of sign, the 
system 

-g" + 2Ag' + Tg = f onR 
-f" - 2Af' + Tf = \g\'^-'^g on R. 

has a unique nontrivial solution {g,f) such that g G H'^iR) and f € W'^''''{R). 
Moreover, g is even, positive and strictly decreasing on (0, oo), and f is positive if 
and anly ifV > 0. 

Proof. Existence is given by Theorem 12.11 Notice that g is smooth and solves 



2{2A^ + r)g" + r'g=\gr'g. (2.13) 



On the other hand, since (2^2 + r)2 > r^, then Theorem 2.2 in [2] implies that 
(j2.13p has a unique solution g (up to the above transforms), that can be taken to be 
positive, even and strictly decreasing on (0,oo). The uniqueness of / is immediate. 
The last statement concerning the sign of / follows by Theorem 12.61 and Proposiion 
[231 □ 



Remark 2.11 Clearly, f is even if and only if A=0. 



3 The Henon-Lane-Emden system 

In this section we provide conditions for the existence of solutions to (jl.ip in suitable 
energy spaces and for the nonexistence of positive solutions having certain behavior 
at or at oo. 

We start by introducing some weighted Sobolev spaces. Let 6 S (l,oo) and 
a G M be given, such that a ^ {29 — n,np — n}. Then we can use the results in [28] 

2 

to define the Banach space Pr' {R^', \x\'^dx) as the completion of radial functions in 
C^(M"'\{0}) with respect to the norm 

\\u\\^ = ( I |2;|°|Au|^ dx) . 
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To any pair of radial functions u, w G C^(M"\{0}), we associate the pair g, f £ C^(M) 
defined by 

u{x) = \x\-^'g{-log\x\) , v{x) = \x\-^^ f{-log\x\) , (3.1) 

where 

b + n a + n 

Ai = , A2 = . 

q p 

We will always assume that {p,q) belongs to the critical hyperbola in (jl.2|) . that is, 
Ai + A2 = n - 2. 

We introduce also the constants 

r = ^^ = A,A2, A=^-X, = -^ + X,. (3.2) 
p q 2 2 

Notice that ^ 

A' + T= ['^] >0. 



2 

A direct computation shows that a radial pair u, v solves (11. 1|) on R" \ {0} if and 
only if g, f solves ()1.7p with F, A given by p.2p . Thanks to the results in previous 
section we first get the next existence theorem. 

Theorem 3.1 Let n >2,a,b£ M\{— n} andp,q > 1. Assume that il.3\) and 

are satisfied. Then the Henon-Lane-Emden system has a radially symmetric 

solution 

ueVy{W;\x\~^dx), V eV^^'^'{W;\x\~^dx). (3.3) 
In addition, u, v satisfies U.5\) 



Proof. Define F, A as in (j3.2p . and notice that F 7^ 0, and + F > 0. By Theorem 
EH we see that there exists / G W'^'P' {R) and g G W'^^'^' (R) satisfying ([LTD. Now 
using the Emden- Fowler transformation in (|3.ip and the results in [5H], we get u,v 
satisfies ()3.3p and solves (jl.ip . The conclusion readily follows since 

b-\-n a-\-n 

\x\ 1 u{x) = g{—log\x\) , \x\ p f (x) = /(— log l^l) 
and since g, f vanish at ±00. □ 
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Theorem 3.2 Let n > 2, a,b £ R and p,q > 1. Assume that lll.3\) and 

are satisfied. Let u,v G C^(IR" \ {0}) be a radially symmetric solution to on 

M"\{0}. 

i) If a > —n, b > —n and if u, v satisfies il.5\} . then u = v = or uv > on M. 

ii) Assume that iL6\} holds. If a < —n or b < —n and if u > 0,^ > then 

u = V = 0. 

Proof. Define A, T and use the Emden-Fowler transform (u, v) i— )• (g, f) as before. 
Notice that F > in case i) and F < in case ii). Then apply Theorem 12.81 and 
Theorem 12.61 □ 



In the next corohary we emphasize the impact of Theorem 13.21 in case n = 2, 
when Theorem 13.11 gives existence on the critical hyperbola whenever a,b ^ —2. 

Corollary 3.3 Let n = 2 and p,q > 1. Assume that U.3\} and are satisfied, 

and in addition assume that a,b ^ —2. Let u,v G C^(M^ \ {0}) be a radially 
symmetric and nonnegative solution to satisfying lll.6\) . Then u = v = 0. 

In Theorem 13.21 we saw that the sign of F affects the sign of the product uv. 
However, at least in case p = 2, the function u never changes sign, also in case 
F < 0. The next result for problem 




(3.4) 



is an immediate consequence to Theorem 12.101 

Theorem 3.4 Let n > 2, a, 6 G M and q > 1. Assume that a,b ^ —n and 

a + n b + n 

\ =n-2. 

2 q 

is satisfied. Up to dilations, compositions with the Kelvin transform and change of 
sign, problem has a unique nontrivial radial solution u G Pr'^(M"; \x\~'^dx), 



la'/ I — ^ 

v € Pr {W^; \x\ i~^dx). Moreover, u is positive, and v is positive if and only if 
a,b > —n. 
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Appendix: a non-radial approach 

Following Wang |37j and Calanchi-Ruf [7] , we notice that p.l|) is formally equivalent 
to the fourth order equation 

A(|xr|An|^-2An) = \xf'\u\''-^u (A.l) 

where 9 = p' = and a = Equation (lA.ip is variational. In particular, its 

nontrivial solutions can be find as critical points for the functional 



u I— )■ 



IxriAitl'^dx 



e/q 



[ \x\%\'>dx 

on a suitable function space. Let us introduce the weighted Rellich constant 

/ \x\'^\^ufdx 

Mo^):= inf . (A.2) 

u=u{\x\) , u^o J^^ m m 

The best constant /^^(a) is explicitly known in few cases. We define T as in (j3.2p 
and we notice that 

!^-2U"-^) (A.3) 



if (|1.2p is satisfied. The value of ^2(0) (case 9 = 2) is known from |18j . [8]: 

/i2(a) = min \T + k(n — 2 + k)\^ . 
fceNu{0} 

For general ^ > 1, Mitidieri proved in |27j that ^0{a) = \T\^ , provided that F > 0. 

From now on, we assume that ^e{a) > 0. Then we can define the space 
I?^'^(M"; as the closure of functions in C^(M"\{0}) with respect to the norm 

Ihll^ = / IxnAul^dx. 



Lemma A.l Let 9 > 1, a & R be given, such that fj,g{a) > 0. Let q > 9 and assume 
en 

\ 9/1 



that q < 9** := -^3tb if n > 29. Then there exists a constant c > such that 



I 



\x\"\Auf dx < c ( [ \x\-''^'^^^i^\u\''dx^ for any u £ V^'\W ; {xl"^ dx) . 
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Proof, n > 26 the conclusion readily follows via interpolation with the Sobolev 
inequality. For a proof in lower dimensions, we use the Emden-Fowler transform 
T : C2(M" \ {0}) C2(M x S""!), T : u ^ g defined via 

20-n-a f 1,2; 

u\x) = \x\ 9 (7 ( — log |2;|, j — j- 

We denote by A^- the Laplace-Beltrami operator on S"^^ and by and g".,g' the 
derivatives of g = g{s, a) with respect to s € M. By direct computation one has that 

/ Ixl'^lAufdx = I I \A„g + g" -2Ag' -Tgf dsda 
Ixl'^-^^lufdx =11 \g\^ dsda, 



where V is given by (USD and A = 2(g-^)+^»(e-2) ^ ^^^^^ 

using the assumption 

/xe(a) > 0, one proves that 

115^:=/ / \A^g + g" -2Ag' -Tg\' dsda 



is an equivalent norm on Ty^'^(M x ^). Therefore, T can be regarded as an 
isometry between Banach spaces, and the conclusion readily follows by using the 
Sobolev embedding W'^^\^ x S"^^) ^ U'{R x S""^). □ 

Under the assumptions in Lemma lA.H we have that the infimum 



Se,q{a) := inf 



\xr\Aufdx 



u^O / |x| +^ e \u\''dx 

\Jm." J 
is positive. Notice that for n > 26, a = and q = 6** we have that 

/ \Aufdx 

5e,e«(0) = S^{6) := inf ^-^ ^ , 

u^o ( / \u\" dx 



which is the best constant in the Sobolev embedding ^^'^(IR") ^ L^*'(E"), see [T], 
[36]. The next existence results can be proved, for instance, by using the techniques 
in [H] (proof of Theorem 1.2). We omit details. 
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Theorem A. 2 Let 9 > 1, a & M. be given, in such a way that the infimum in IIA.S\) 
is positive. Let q > 9. 

i) Assume that n > 3 and q < 9** if n > 29. Then Sg^q{a) is achieved. 

ii) If n > 29 and Sg^g*-{a) < S**{9) then Sg^g*-{a) is achieved. 

Remark A. 3 Thanks to the results in Ji^T] / we know that fi0{a) = \Tf > 0, whenever 
r > 0. We suspect that in this case the infimum Sg^q{a) is always achieved by radial 
functions. We leave this as an open problem. 

From Theorem IA.2I one can easily infer sufficient conditions for the existence 
of (minimal energy) solutions to the Henon-Lane-Emden system whenever 
/ip'(a) > 0. More can be said when p = 2. From [18], [8] we know that ii2{—a) > if 
and only if —V is not an eigenvalue of the Laplace-Beltrami operator on the sphere, 
where now 

^ (n + a\(n + b\ a + n b + n 
r= — — , — — + =n-2. 



2 

From now on we assume that 

Ti -\- (x\ { n -\- b\ 

) 7^ k(n — 2 + k) for any integer A; > 0. (A.4) 

9 / 

By ground state solutions to (I3.4p we mean solutions n, v such that u achieves the 
infimum 

Ixl"" I Atil^ dx 



inf „, . 

u£_V'^''^{W^:\x\-°-dx) / f \''''^ 

For convenience of the reader we summarize here the main results for ()3.4p that can 
be obtained as immediate corollaries of the results in [9]. 

Theorem A.4 Let q > 2 and assume that q < 2** := if n>h. 

i) If holds, then |g.^[ ) has a ground state solution u,v. 

ii) For every q > 2 and for every integer k > 1 there exists 6 > such that if 

0<\r + k{n- 2 + k)\< 5 

then u is not radially symmetric. Thus problem U.l\) has at least two distinct 
weak solutions. 
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iii) If\T\ > ^^32 (l + Vq ~ l) ^^6^ ^ '^oi radially symmetric. Thus problem U.l\) 
has at least two distinct weak solutions. 

iv) Assume that —T > ^^y^- Then there exists > 2 such that no ground state 

solution to ([g.^lj can be positive. 



In the limiting case n > 5 and q = 2** the problem is more difficuh. We hmit 
ourselves to point out some coroharies to the results in [9] in case n > 6. 

Theorem A. 5 Assume n >6 and that ^A.4\ ) is satisfied. If in addition |a + 2| > 2, 
then the problem 

I —Au = \x\"'v on M" 

- Av = \x\ \u\ "-"^ u on M". 



has a ground state solution u,v. Moreover, the conclusions ii)^v) in Theorem A. 4 
still hold. In particular, liA.5\) has a radial and a non-radial weak solutions. 
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